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1. Introduction

Dense mixed ionic and electronic conducting membranes 
(MIEC) have potential applications for partial oxidation of 
methane (POM) into synthesis gases (CO/H2) from the 
extraction of oxygen from air. The oxygen transport driving 
force is ensured by the gradient of oxygen chemical potential. 
The diffusion of the oxygen ions induces changes in valence 
and oxygen vacancy concentration variations, which lead to 
a macroscopic strain [1-3]. The same phenomenon is ob-
served in other applications of non-stoichiometric oxide such 
as Solid Oxide Fuel Cells (SOFC) [4, 5]. In the POM process, 
the oxygen activity through the membrane may vary from 
oxidizing atmosphere (air) to reducing atmosphere (CH4) 
in a range of more than 20 orders of magnitude. In service, 
according to the boundaries conditions, it leads to strain-
stress between the oxidizing side and the reducing side. 
At the membrane reactor scale these chemo-mechanical 
stresses affect the mechanical reliability of the whole struc-
ture [6]. From our knowledge, a few authors have proposed 
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mechanical stresses prediction in MIEC membranes. Yakabe 
[4] for SOFC, proposed a numerical simulation model to 
analyse in steady-state the chemical and thermal expansion 
in an inter-connector. Atkinson and Hendriksen [1, 7] have 
explored the relationship between operating conditions and 
membrane geometry and resulting stresses in the oxygen 
membrane separation. 

This work focuses on the in	 uence of operating conditions 
on the membrane stress � eld. In the � rst part the modelling 
of the chemical expansion is presented. The computational 
methods are then brie	 y described. In the next part, the iden-
ti� cation method of kinetics is presented. The last part con-
cerns various loading cases of simulations of a membrane. 

2. Thermo-chemo-mechanical model 

The chemical expansion is the strain which results from 
a change in composition of the material at the constant 
phase. These changes can be due to atmosphere and/or 
temperature variations. The chemically-induced strain does 
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not modify the elastic mechanical behaviour but comes in 
addition to the usual thermal expansion [8]. 

Assuming small strains, the total strain tensor is de-
scribed by the symmetric part of the displacement gradient 
with respect to the spatial position. Then, the partition of 
deformations leads to write the total strain as the sum of all 
possible strains: 

 � = �t + �e + �c , (1)

where �t is the thermal strain tensor, �e is the elastic strain 
tensor and �c the chemical strain tensor. In the rest of the 
paper, bold symbols will refer to vector/tensor variables and 
regular ones will refer to scalar parameters. 

The thermal strain tensor depends on temperature vari-
ation in a reversible way:

 �t = �·(T - T0)·I , (2)

where � is the secant coef� cient of linear thermal expansion, 
T0 a reference temperature and I the second rank identity 
tensor. Thermal deformation corresponds here exclusively 
to the deformation induced by temperature variation at 
constant composition and without any phase change. 

Assuming the material is homogeneous and isotropic 
with linear thermal-elastic behaviour, the elastic strain is: 
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where � is Poisson’s ratio, E Young’s modulus, � the stress 
tensor, I the second rank identity tensor and Tr(�) is the 
trace of tensor �.

The coef� cient of thermal expansion was measured 
by dilatometry (�20-900 = 1.1·10-5 °C-1). Young’s modulus 
(125 GPa at 20°C, 95 GPa at 900°C) has been measured 
by the ultrasonic method [9]. The tensile strength (120 MPa) 
and Weibull’s modulus (2.9) have been obtained using 
four point bending tests on an MTS-2/M testing machine 
with a load sensor of 10 kN. Other data like Poisson’s ratio 
(0.25), thermal conductivity (2 W·m-1·°C-1) or speci� c heat 
(500 J·g-1·°C-1) have been chosen from literature values for 
such ceramics. 

3. Chemical expansion model 

The literature reports strains coming from the variation 
in concentration of a substance in the material [10]. These 
strains are stress-free according to the approach of Larché 
et al. [11]. In order to model the thermo-chemo-mechanical 
behaviour of such ceramics, the majority of phenomeno-
logical works proposed a linear relation between chemical 
expansion and oxygen vacancy concentration [12-15]. 

The chemical expansion model proposed hereafter is 
an improvement of the previous studies [16, 17]. In these 
models, it has been chosen to directly link chemical expan-
sion to oxygen activity. The main assumption of the proposed 
approach is the reversible dependence on chemical strain 
tensor with oxygen activity variation. Furthermore, because 
this work focuses on atmosphere effects on mechanical 
stress, temperature in	 uence in relation to chemical expan-
sion is neglected. Therefore, at macroscopic scale, assuming 
isotropic chemical strain, three parameters are necessary to 
describe the dependence on chemical strain in relation to 

oxygen activity:
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where �c is the linear chemical induced strain, � is 
a dimensionless coefficient of chemical expansion 
(-1.78·10-4), aref is the zero chemical strain oxygen activity 
reference (air for our material), a is the actual oxygen activ-
ity at the considered point and amin is the minimal oxygen 
activity under which chemical expansion is constant (3·10-5). 

Fig. 1 shows the chemical expansion model fitted 
with both results of dilatometry and X-ray measure-
ments for La0.8Sr0.2Fe0.7Ga0.3O3-� perovskite-type material. 
La1-xSrxFe1-yTiyO3-� material previously studied [17] follows 
a similar behaviour and could be described with the same 
model. 

The chemical expansion is linear with logarithm of pO2 
in the range from 3·10-5 atm to 1 atm. From 3·10-5 atm to 
10-21 atm the chemical expansion appears constant. 
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Fig. 1. Chemical expansion vs. oxygen activity, results by X-ray and 
dilatometry for La0.8Sr0.2Fe0.7Ga0.3O3-�. 

4. Oxygen transport model 

The oxygen diffusion can be represented using the sim-
pli� ed Wagner’s law: 
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where J is the oxygen 	 ux, a the oxygen activity, D0  the 
“intrinsic” oxygen diffusivity, Q the activation energy and R 
the ideal gas constant. 

The time scale of permeation gets longer as the tempera-
ture is reduced. At low temperature (< 500°C), the diffusion 
process is stopped because of the Arrhenius term in Eq. (5). 
Consequently, oxygen activity in the material does not evolve 
and neither does chemical expansion. Surface exchanges 
are not considered in this study. This is still a work in progress 
which will be presented in future papers. 
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5. Computational method 

The chemical strain behaviour proposed above has 
been implemented in Abaqus � nite elements software using 
the UMAT procedure. For the oxygen transfer computation 
a macroscopic modelling of oxygen permeation through the 
membrane according to Eq. (5) has been implemented in 
UMATH procedure. 

The geometries of the cylindrical sample for dilatometry 
and tubular membrane of CMR have been modelled in 2D 
with axisymmetric elements. Oxygen activity is directly ap-
plied on boundaries. Computations are realized in three 
steps: heat transfer computation to obtain the temperature 
field; oxygen transfer computation, using temperature 
� eld to obtain the oxygen activity � eld; thermo-mechanical 
simulation, including the dedicated strain behaviour, the 
temperature gradient and the oxygen activity distribution. 
Numerical tests were performed to ensure that the solutions 
were independent of the mesh size. 

6. Identi� cation of permeation kinetics 

To identify the parameters of Eq. (5), the simulation of 
an expansion test on a cylindrical sample (6.7 mm diameter 
and 5 mm long) under N2 and Air has been computed. The 
kinetics of heat transfers is assumed so much faster than 
oxygen permeation, that it is not the limiting step. T herefore, 
since the chemical expansion behaviour is known, the rate 
at which the sample exhibits its chemically-induced expan-
sion expresses the kinetics of permeation. When permeation 
starts (depending on temperature) the chemical expansion 
occurs and a chemical strain adds thermal strain on the 
expansion curves. 

The prescribed conditions for the simulation of expan-
sion tests are detailed in Fig. 2. The boundary conditions of 
oxygen activity are applied along the contour of the geometry: 
10-5 for reducing and 0.21 for oxidizing. The homogeneous 
temperature � eld is imposed at a constant heating and cool-
ing rate of 2°C/min. Classical mechanical boundary condi-
tions are used to prevent rigid body displacements.
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Fig. 2. Prescribed � eld and boundary conditions for the expansion 
test simulation. 

The material is in equilibrium with air (initial state air) at 
the beginning of the reduction test, whereas the material is 
in equilibrium with nitrogen for the oxidizing one (initial state 
N2). More details about the dilatometry test are given in [17]. 
Fig. 3 for reducing and Fig. 4 for oxidizing step show how 

the simulations match experiments with D0 = 100 m2·s-1 and 
Q = 138 kJ. These coef� cients correspond to typical value 
of diffusivity equal to 7.1·10-5 m2·s-1 at 900°C. 
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Fig. 3. Dilatometric curves in reduction, experimental vs. simulation, 
initial state is air. 
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Fig. 4. Dilatometric curves in oxidation, experimental vs. simulation, 
initial state is N2. 

For the oxidizing test the deviation above 500°C should 
be attributed to the thermal sensitivity of chemical expansion. 

It is signi� cant to notice that the kinetic parameters are 
re� ned on the whole two tests, without distinction of oxidation 
and reduction stage. The simulation stays in agreement with 
the experiment but the results suggest that thermal activation 
of permeation differs between oxidation and reduction. The 
oxidizing kinetics should be faster than reduction. 

However, the shape of the chemical expansion behaviour 
(logarithm) as demonstrated in [17] biases the perception 
of permeation kinetics when considering the dilatometric 
curves. Furthermore, the kinetics of diffusion and the oxy-
gen surface exchange represent probably one of the most 
complex aspects in MIEC. Adler [18] said that a consensus 
had not yet emerged regarding the mechanisms and rate 
laws governing oxygen exchange with the bulk at the gas-
exposed surface. It is necessary to re� ne further the kinetics 
to describe the tests correctly. The works are still in progress 
on a speci� c oxygen surface exchange law. 

7. Simulations of a membrane 

The thermo-chemo-mechanical simulations have been 
realized on a tubular membrane section of a 7.2 mm inner 
diameter, 1 mm thick. More information about the geometry 
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of the reactor is presented in [16]. The prescribed conditions 
for the membrane simulation are detailed in Fig. 5. The con-
stant and homogeneous temperature � eld is � xed at 900°C 
in the structure. 
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Fig. 5. Prescribed � eld and boundary conditions for the simulation 
of the tubular membrane section. 

In this study of the atmosphere change path effect, the 
reference steady-state conditions chosen are aref  on the in-
ner side and amin on the outer one. In fact, it corresponds to 
air and N2 respectively for the characterized material here. 

All the results of stresses distributions presented here-
after are plotted following the radial path in section of mem-
brane (Fig. 5). The stress distributions have been normalized 
to unity with respect to the maximum tensile stress reached 
during the reference steady-state conditions (axial stress on 
inner side). Tensile stresses are conventionally positive and 
compressive stresses negative.

When reaching the reference steady-state, the oxygen 
activity gradient through the thickness gives rise to chemical 
stresses. The steady-state stress distribution is plotted in 
Fig. 6. This straightforward approach has been presented by 
Atkinson [1] in an analytical approach. It corresponds exactly 
to the typical case of a cylinder heated on the outer side. 
If the atmosphere is reducing, the strain is positive and the 
stress is in compression. Vice versa, if the atmosphere is 
oxidizing, the strain is negative and the stress is in tension. 
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Fig. 6. Stresses due to chemical strain in membrane in steady-state. 

In the reference steady-state, axial and circumferential 
stresses are almost the same. The inside surface of the 
membrane (oxidizing) is in tension and the outside in com-
pression (reducing). In ceramic material tensile stresses are 
dangerous especially when they occur on surface. Therefore, 

the inner side is mechanically critical in this situation. Radial 
stress is negligible. 

When harder conditions are applied on the reducing 
side (< amin), the stress distribution in membrane is different 
because chemical expansion under amin is constant. This is 
plotted in Fig. 7. In the steady state, the level of tensile stress 
on oxidizing side is 1.55 time higher than the level reached 
in the reference steady state. In highly reducing atmosphere, 
even if chemical expansion is constant above amin, it leads to 
a worse situation in terms of mechanical reliability. 
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Fig. 7. Stress distribution due to chemical strain for oxygen activity 
reducing conditions under amin (10-14). 

8. Transient states 

The transient state during a start-up is studied. The initial 
state for the membrane is sintering in air; it means that the 
oxygen activity is equal to 0.21 in the whole membrane. At 
the initial time, oxygen activity 0.21 is prescribed on the inner 
surface and 1·10-5 on the outer. 

Transient stresses due to chemical strain in membrane 
during start-up from initial state air to the reference steady-
state are shown in Fig. 8. 
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Fig. 8. Transient axial stresses due to chemical strain in membrane 
during start-up from initial state air to reference steady-state. 

During start-up, there is tension of the inner side and 
compression of the outer side. Tensile stress on the inner 
surface increases from 0 to the stress of service. On the 
outer side compressive stress reaches 1.6 times steady state 
compressive stress. Such levels are not especially damag-
ing for ceramic materials because compressive strength is 
considered at least ten times as high as tensile strength. 
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�

9. Conclusions 

A thermo-chemo-mechanical model has been proposed. 
It has been used to quantify mechanical stress in steady and 
transient states. The level of tensile stresses reached dur-
ing the steady-state is relatively high regarding the value of 
tensile strength and its Weibull`s modulus. The calculation 
shows that the starting from initial state in equilibrium with 
air causes chemical shock with relatively high compressive 
stresses. The approach provides an indication of risks as-
sociated with atmosphere changes. This numerical tool can 
help to develop a strategy to optimize reactor management. 
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